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Adaptive Output Feedback Control
of a Nonlinear Aeroelastic Structure

WenHong Xing* and Sahjendra N. Singh’
University of Nevada, Las Vegas, Nevada 89154-4026

Based on a backstepping design technique, a new adaptive controller for the control of an aeroelastic system
using output feedback is derived. The chosen dynamic model describes the nonlinear plunge and pitch motion of a
wing. The parameters of the system are assumed to be completely unknown, and only the plunge displacement and
the pitch angle measurements are used for the synthesis of the controller. A canonical state variable representation
of the system is derived, and filters are designed to obtain the estimates of the derivatives of the pitch angle
and the plunge displacement. Then adaptive control laws for the trajectory control of the pitch angle and the
plunge displacement are derived. In the closed-loop system the state vector asymptotically converges to the origin.
Simulation results are presented, which show that regulation of the state vector to the equilibrium state and
trajectory following are accomplished using a single control surface in spite of the uncertainty in the aerodynamic

and structural parameters.

Nomenclature

a = nondimensionalizeddistance from the midchord to
the elastic axis
by = semichord of the wing
¢ = structural damping coefficient in plunge caused by
viscous damping
¢, L,L;, = designparameters
r

Cy = structural damping coefficient in pitch caused by
viscous damping

h = plunge displacement

1, = mass moment of inertia of the wing about the
elastic axis

= structural spring constantin plunge

structural spring constant in pitch

mass

X = states of the aeroelastic system

freestream velocity

components of 2

= nondimensionalizeddistance measured from the
elastic axis to the center of mass

= pitch angle

flap deflection

0,p = parameters;estimate of parameters

filter states

= density of air
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Introduction

EROELASTIC systems exhibit a variety of phenomena in-

cluding instability, limit cycle, and even chaotic vibration.! =
Active control of aeroelastic instability is an important problem.
Several researchers have analyzed the stability properties of aeroe-
lastic systems and designed controllers for flutter suppression*~!°
Mukhopadhyay et al.’> and Gangsass et al.® developed methods
for obtaining lower-order models and designed controllers. Karpel’
used pole placement technique to design controllers for flutter sup-
pressionand gustalleviation. Horikawa and Dowell’ performedflut-
ter analysis using root-locus plots. Piezoelectric actuation has been
considered for flutter control in Refs. 10 and 11. In these studies
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linear control theory has been used for the design of controllers.
Digital adaptive control of a linear autoregressive moving average
aeroservoelastic model has been considered by Friedmann et al.'?
At the NASA Langley Research Center a benchmark active control
technique wind-tunnel model has been designed, and control algo-
rithms for flutter suppression have been developed.® Because the
linear design is often not adequate, researchershave developed con-
trol systems for nonlinear aeroelastic models.'*~!¢ Although non-
linearities arising from control saturation, free play, hysteresis, and
stability derivatives are encounteredin aeroelastic systems, nonlin-
ear structural stiffness can play a dominantrole in causing the onset
of flutter.

Recently, an aeroelastic apparatus has been developed, and tests
havebeenperformedin a wind tunnelto examine the effectof nonlin-
ear structural stiffness.'® In a series of interesting papers, Ko et al.'”
and Ko and Strganac'® have designed control systems for this aeroe-
lastic systemusing a feedback linearizingtechniqueand an adaptive
control strategy. In a study by Block and Strganac,'® the unsteady
aerodynamics are modeled with an approximation to Theodorsen’s
theory,and linear controllaws are derived for the active control of the
aeroelasticmodel describedin Ref. 16. A variable structure adaptive
control of a prototypical aeroelastic wing has been also considered
in Ref. 20. Because the aerodynamic and structural parameters are
not known precisely, the adaptive controllers designed in Refs. 18
and 20 are useful. However, the adaptive design in Ref. 18 requires
complete knowledge of the state variables and uses two control sur-
faces for state regulation. Although the variable structure adaptive
controller of Ref. 20 uses only output feedback, the assumption is
made that the bounds on uncertain parameters are known for the
control law derivation. Furthermore, this controlleruses a high-gain
feedback, which often leads to control saturation and can cause in-
stability. Thus it is important to develop control systems for the
active control of aeroelastic systems using output feedback in the
presence of parameter uncertainty.

The contribution of this paper lies in the design of a new adap-
tive control law for the control of a nonlinear aeroelastic system
using only output feedback. A single trailing-edge control surface
is used for the control of the pitch and plunge motion of the sys-
tem. For the synthesis of the controller, the assumptionis made that
only pitch angle and plunge displacement are measured. A canon-
ical state variable representation of the system is derived for the
reconstruction of the state variables. Based on the new state vari-
able form of the aeroelastic system, filters are designed, and an
estimate of states are constructed using a linear combination of the
states of the filters. Then based on a backsteppingdesign technique
of Kanellakopouloset al.2! and Krstic et al.,”? adaptive control laws
for the control of the pitch angle and the plunge displacement are
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derived. In the closed-loopsystem the state vector of the aeroelastic
system asymptotically converges to the origin. Simulation results
are presented to show the adaptive state regulation capability of the
control systems.

Fig.1 Aeroelastic model.

Aeroelastic Model and Control Problem
The prototypical aeroelastic wing section is shown in Fig. 1. The
governing equations of motion are provided in Ref. 17, which are
given by

G
Bl

In Eq. (1) M and L are the aerodynamic lift and moment. The
assumption is made that the quasi-steady aerodynamic force and
moment are of the form

L =pUh,c,[a+ (h/U) + (5 = a)b,(a) )] + pUh,c,,

M = pUb2c,, [o+ (h/U) + (1 = a)by(a/ U)] + pU?blc,,, B
(2)

where ¢;, and c,,, are the lift and moment coefficients per angle
of attack and ¢;, and c,,, are lift and moment coefficients per con-
trol surface deflection. Although other forms of nonlinear spring
stiffness associated with the pitch motion can be considered, for
purposes of illutration the functionk, () is considered as a polyno-
mial nonlinearity given by

ko(a) =2.82(1 —22.1a + 1315.50% — 8580c + 17,289.7¢")  (3)

Defining the state vector ¢ =(a, h, &, h)7, one obtains a state
variable representationof Eq. (1) in the form

Oyx2 lxs 02 x1 021
] = + k, + 4
1 |: M, M, i|q |: 8 i| () |: b i|ﬂ @
where aky =akey + ky,, kny =koy @2 + koo + koot + ko0’ b=

(b1, by)T, g =(g1, 82)7, 0 and I denote null and identity matrices
of appropriate dimensions, and

(kU2 + md~ko,) =k
—(kU? = mxob,d ko) =k

M, = |:—C41 —C3) i|
—C  —Cqy

The expression for the parameters k;, d, ¢;;, g;, and b; are given
in Appendix A. The assumption is made that only signals « and &
are measured.

Consider a reference trajectory y, that represents either a pre-
scribed pitch angle trajectory o, for pitch angle control or a plunge
displacementtrajectory /, for the plunge motion control. Appropri-
ate referencetrajectories are generated by a second-ordercommand
generator. We are interested in deriving output feedback adaptive

M, =

control systems so that a tracks a,. or & tracks &, asymptotically,
and in the closed-loop system the state vector (h, a, h, &)7 con-
verges to zeroas t — 0.

Canonical System and State Estimation

Because & and & are not measured, it is essential to obtain an
estimate of these variables so that control synthesis can be accom-
plished. To obtain a state estimator, a representation of the system
in a canonical form is obtained, which is useful in designing certain
filters. Then a linear combinationof filter states provides an estimate
of the state vector.

Consider a state transformationx =7¢, where

Lxy 0Oxx
T = 5
|:—M2 12x2i| ©

Then it is easily seen that a new state variable representation of
Eq. (1) is given by

| My Lo 02 x1 02 x1
[ e[ e [ o

where x = (x|, X5, X3, X4)7, X, =, and x, =h. Define

AN+ (") bsior + (2 Vg2 FT(@npro 7
Ml h g na(a) b ﬂ - (av vﬂ) ( )

where 0 =[b", M), Mooy, My, Mi2), 81 Pas 82Pa]", the super-
script T denotes matrix transposition, M;, denotes the kth row of
M;, po =(kay, kay, ks, ko), and the 4 X 18 matrix F7 is

T _ 2
F' = (ﬂezg Bes, aey, hey, aey, hey, aes, hes, aey, hey, a’es,

3 4 5 2 3 4 5
ez, oes, es, ey, aey, o ey, 64) (8)

Here e, denotes a vector of appropriate dimension whose kth ele-
ment is one, and the remaining elements are zero.
Using the definition of matrix F, Eq. (6) can be written as

X =Ax+ Lla, h]" + F'(a, h, B)O 9)

where L =(LT, L])T,

Li=<Lil O>’ A=|:_Ll 12><2i|
0 Lp =L, 02x»
The matrices L, L, are chosen so that A is a stable matrix. Equa-
tion (9) is a canonical representation of system Eq. (1) in which
A is in a special from, the regressor matrix F is a function of the
measured variables and the input 3, and all unknown parameters of
the system are included in the vector 6. Based on Eq. (9), certain
filters are designed.

In view of Eq. (9), following Ref. 22, filters are given by

§=A&+ Llo,n]", QF =AQ" + Fl(a,h, B)  (10)

where £ € R* and Q7 € R**'3_ Define a state estimate as
f=c+ 00 (11)

and let the state error be X =(x — £). Using Eqgs. (9-11), the error
X is governed by

X = AX (12)

Because A is a Hurwitz matrix, x(¢) — 0 as t — oo, and, therefore,
X(t) asymptotically converges to x(#). Of course, 0 is not known,
and Eq. (11) cannot be used to construct £(¢). However, Eq. (11) is
useful in the derivation of an adaptive control law.

For simplicity in synthesis and in view of the special form of the
matrix F, one can reduce the dimension of the 2 filter. Define

ol =[vi,vo, $1, 82, ..., S16] =[v1, vo, S] (13)
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where each column of €' is a 4 X 1 vector. Because of the special
structure of FT in Eq. (8), it follows from Eq. (10) that v; and s;
satisfy

\}1 =AV1 +e3ﬁ, \}0 =AV0+€4ﬁ

S'] = AS] + e q, S'z =AS2 + elh, S'; =AS3 + ea

$4 = Asy + eyh, $5 = Ass + e3q, S¢ = Asg + e3h

§7 = Asy + e, §g = Asg + esh, §o = ASg + 30

S']Q =As10+e3a3, S']] =As11 +e3a4, S']z =As12+e3a5

.5.'14 = As14 + 64a3
S16 = As16 + 64a5 (14)

.5.'13 = As13 + 64a2,

.5.'15 = As15 + 64a4,

Noting that e; = Ae, and e; = Aes, in view of Eq. (14) one finds
that

s, = Ass, 5, = Asg, 53 = As, sq =Asg  (15)
That is, s; (i =1, ..., 4) can be simply obtained by using Eq. (15)
for synthesis. Thus for synthesis one needs filters of dimension 60,
which is a large number. However, implementationof these filters is
easy because they have simple transfer matrices. However, for the

purpose of analysis Eq. (14) will be used.

Adaptive Control Laws

First the derivation of the control law for the trajectory control of
the pitch angle is considered.

Pitch Angle Control

Let y, =0, be a smooth trajectory, which is to be tracked by a.
In view of Egs. (6) and (11), the derivative of the controlled output
variable o is given by

a=x3+ Myyla, h]" =& + Q,

(.5)9 + }-; + Mz(l)[a, h]T (16)

where €, &, and X denote kthrows of ", &, and X;, respectively.
Using the definitions of 8 and Q7 , Eq. (16) gives

a=bvy+t&t+tiz+ao (17
where @ =[0, vo3, Sgy + €] o+ e] h], My, =(65, 6,), and v;, and
Sw denote the kth rows of v; and S, respectively. Because we are
interested in the trajectory control of y =, consider the tracking
error z; defined as

21 =Y =Y (18)

Now the controller design is performed in two steps following a
backstepping technique of Ref. 21.

Step 1
The derivative of z; is

Zi=bypt &+ +a 60—y, (19)
Because v 3 is treated as a virtual control for controlling z;, define
L =vi3— Py — o (20)

where P is an estimate of p =bl_1 and o is the stabilizing function
yet to be chosen. Using Eq. (20) in Eq. (19) gives

L=ht&G b tatpy)+ao—y (2D
The stabilizing function ¢ is chosen as
o = pay, o =—cz—&—a 0-dz (22)

where ¢;, d; >0 and 0 is an estimate of 6. Noting that b, p =
b(p—p)=1—Db,p, it follows from Egs. (21) and (22) that

21 =biz — b py +@'0 - d,z + X3 —bipy, —cizy  (23)

Now consider a Lyapunov function of the form
Vi =d7'FTPE+ (22 + |bily ' 5%) /2 (24)

where ¥ > 0 and the positive definite symmetric matrix P satisfies
the Lyapunov equation

PA+ATP =—1,,, (25)

Because A is a stable matrix, P is the unique solution of Eq. (25).
The derivative of V| is given by

14 =d1_1(3?TPJE+JETP;C)+2121 = |bily~'pp (26)
Substituting Egs. (12), (23), and (25) into Eq. (26) gives
Vl =b121Z2 + C_OTéZI - CIZ% - |j|2/d1 - blﬁéclzl

—d\ 2} + X3z) — Blbill)p = bipy,z 27

where |-| denotes the Euclidean norm of a vector. Using Young’s
inequality [22], one has

X321 < |%s]lz] SdIZ% + 3232/(4d1) SdIZ% + |32|2/(4d1) (28)
Using Eq. (28) in Eq. (27) gives
Vl Sbﬂ]Zz + C_OTéZ] - ClZ% - 3|f|2/4d1

+zipl—b1oy — by ] - 15|b1 lp/y (29)

Because p is unknown, this can be eliminated from Eq. (29) by
choosing an update law of the form

p =~y sign(bplzi(@ + )] (30)
Now substituting the update law in Eq. (29) gives
Vi <—c 122 — (3/4d))|X)* + @ 0z) + byz,2, (31)

The unknown 0-dependentterm in Eq. (31) will be compensated in
the second step.

Step 2
The derivative of z, is given by

Z =V — Py, — Py, — (32)

Because oy isafunctionof g, &, Sg), vos, ¥r, 0, X1, X2, itsderivative
is given by

. ooy . ooy ;  oap, oa .r ooy ooy 4
ap = Vos + ——=p + —G& + ——95, —y, + —0
Vo3 op 0& 083 oy, 00
oy oy oy ooy
+—X +—X=ap+ | — ), + | — )x 33
ax1 ! axz 2 0 (ax1> ! (ax2> 2 ( )

where a, is obtained by comparing terms in Eq. (33). For the com-
putation of ay, the derivatives of various signals are substituted in
Eq. (33), but @ is yet to be determined. Using Egs. (6) and (11),
the derivative of x, is given by

xZ = Mz(z)[a, h]T + X4 = Mz(z)[a, h]T + f4 + 54 + Q(T4)9 (34)
Noting that My, =[p3, 0,]and M,(,) =[6s, 6], and addingand sub-

tractingappropriate 0-dependentterms, and using Eqs. (16) and (34)
in Eq. (33) gives

N oqy T -
o =ap+ (a—x1>[§3 + 9(3)9 + x3 + 93& + 94]’!]

aaz T ~
+ (a—> [54 + Q(4)9 + x4 + 95& + 96]1]

Xo

=a, +ali, +alb (35)
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where

aal A A A
a, =a + a_xl[é + QL0+ b+ 0,]

oy

soA A R
Ja; o0q ~ ~ o~
al = | —, — |, Xo = [%5, X417
2 |:ax1 ax2:| [—5 4]
0 oa
aj =a—al[Q(T3) +e3Ta+eZh] + —I[Q(Z) +65T(X+66Th]
X 0x,

Substituting Eq. (35) into Eq. (32) gives
Zy ==Lyvy + B _ﬁyr - Py, —a, —alx, _agTé
=a*—ali,—al0+p (36)

where a*=—Ly vy, — py, — pj, — a;. In view of Eq. (36), we
choose control B as

B= —a* - €22y — d2|02|222 - [;121 (37)
Consider a Lyapunov function
Vo=V +d;' ST Pi+ (3 +607T7'9) /2 (38)

where I is a positive definite symmetric matrix. In view of Eq. (25),
the derivative of V; is given by

V, =V, — |f|2/d2+2222—éTr_1é (39)
Using Eq. (36) in Eq. (39) and noting that b; =0, gives

Vy < —cizf — 3|f|2/4d1 + @ 0z, + (0, + 0)zy2, — €7

—d22§|02|2 - éllllz —Zz%TJEa —agTélz -0'r'o- |f|2/d2

(40)
Define
T =(@z1 + ;2122 — 4322) 41)
Using Young’s inequality, one has
|20l %a| < loallasl|Zal <dv23|al| + |72] fad,  (42)

Substituting Egs. (41) and (42) into Eq. (40) and noting that |%,|> <
|x?|, one has

Vi <—ci2d —ez) - %(dl_‘ + d{l)IJEI2 +07(r - F“é) (43)
Now one chooses the adaptation law for 6 as
6=rc (44)
which yields
Vi <—cizl — 33 = 3(d;! + dy ") IR P (45)

Theorem 1: Consider the closed-loop system Egs. (4), (30), (37),
and (44). Suppose that y, is a bounded and smooth trajectory con-
verging to zero, and the zero dynamics of the system are stable.
Then the solution of Eq. (1) beginning from any initial condition
q(0) € R* is such that the tracking error (o — o) and 4 tend to be
zero as t — oo . Furthermore, if y, =0, then the state vector g(¢)
tends to the origin as t — oo,

Proof: A proofis given in Appendix B.

Zero dynamicsdescribethe internal dynamicsof the system when
the output y = ¢ is identically zero. For the control of ¢, Theorem 1
assumes thatthe zerodynamics are stable. The stability propertiesof
zero dynamics have been extensively examined in Refs. 17, 18, and
20. Stability of the zerodynamicsis essentialevenin the nonadaptive
output trajectory control systems.

Yr l 8
Command Adaptive Aeroelastic Y
Generator Controller System
j A Q 1
6,0)| | (£,
Adaptive
Law I Filters — Yr

(ya yT)
Fig.2 Closed-loop system.

Adaptive Control of Plunge Motion

In the preceding section an adaptive control law for the trajectory
control of o has been presented. Following a similar approach, one
can derive a control law for the trajectory control of the plunge
displacement. Define the tracking error

721 =h—h, (46)
Using Eq. (34), the differential equation for £ is given by
h =bywvoy + & + [via, 0, S0y |0 + 54 + Myla B]T (47)

For controlling /1, one treats vy, as the virtual control because in the
derivative of vy4 control input 8 appears. In this case p =b; "and

2 =vos — ph, —

Following the steps of the preceding section, one obtains a virtual
control a; and the adaptation law for p, which is an estimate of
p=>b;" in the first step of derivation, and the control law § and
the update law for 6 is obtained in the second step. Because the
control law for & control can be similarly derived, the details are
not presented here. The complete closed-loop system is shown in
Fig. 2.

Similar to a control, for the stability in the closed-loop system
the assumption is made that the parameters of the aeroelastic sys-
tem are such that the zero dynamics are stable. Unlike a control,
the zero dynamics associated with the output /2 are nonlinear and
exhibit complex dynamic behavior. In this case one has only local
stability in the closed-loop system. Because a proof of stability can
be established following the steps in the proof of Theorem 1, it is
not presented here.

Simulation Results

In this section numerical results for the pitch angle control and
plunge motion control are presented. The parameters of the system
are given in Appendix A. Simulation is performed for different val-
ues of a and U. The transfer function of the command generator is
chosen as

W,, = [/ (s + 1)?]

to obtain exponentially decaying command trajectories to zero
where 4 > 0. For the pitch angle control the initial conditions se-
lected are a(0) =5.75 (deg), 2(0) =0.01 (m), 2(0) =0, and &(0) =
2 (deg/s). The initial conditions of the command generator are set
as y,(0) =5.75 (deg) and y,(0) =0.

The initial conditions for the parameters are b,(0)=—0.1 and
b,(0) =—0.03, and the remaining components of & and p have
zero initial values. The initial states of the filters are set as
Q(0) =0 and &(0) =0. The design parameters are selected as
lzl, CL =00y =d-; =d4 =100, Y =1, I =II8><181 Lll =L12 220,
L, =L,, =100. These design parameters are chosen after several
trials by observing simulatedresponses. The origin of the open-loop
model (1) is unstable and undergoes persistent periodic oscillations
(Readers may refer to Refs. 17-19 in which uncontrolledresponses
are provided).

Case 1: The closed-loop system Eq. (1) with the control law
Eq. (37) and the update law Egs. (30) and (44) for a =—0.3 and
U =15 m/s is simulated. For the chosen value of a and U, one
has by =—0.282 and b, = —0.047. Selected responses are shown
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0.01 -0.06
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Fig.3 Pitch angle controla = —0.3 and U = 15 m/s.
6 T T 0.03 20
0.02
4 10
£ 0.01
2 ~ 5 0
3 9 yr \E, 0 ‘A/V\/\/\N\/\M/\/\/\WV\ -8 }
o < =
c a8 =10
] o
S -0.01
0
0.2 20
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time (s) time (s) time (s}

a) Pitch angle o and y,.

b) Plunge displacement &

¢) Control input 3

Fig.4 Pitch angle control « = 0.4 and U = 15 m/s.

in Fig. 3. We observe that after an initial transient the pitch angle
asymptotically tracks the command trajectory. The response time
is of the order of 7-8 s. Only a small control magnitude (less than
10deg)isrequiredforcontrol. Becausefora = —0.3and U =15 m/s
the zerodynamicsare stable, the plungedisplacementalso converges
to zero as predicted. Here only parameter b; is shown in Fig. 3d,
but it is found that all other componentsof # and p also convergeto
constant values.

Case 2: To examine the sensitivity of the controller with re-
spect to parameter a, the closed-loop system for a different value
of a =—0.4, but with the same value of U =15 m/s, is simulated.
We observe that although the pitch angle asymptotically tracks the
command trajectory larger control magnitude (less than 30 deg) is
required (Fig. 4). Moreover, larger plunge displacementis observed
in this case. The response time is of the order of 6-7 s. In this
case increase in control magnitude can be attributed to reduced de-
gree of stability of the zero dynamics because as a — —0.55 the
poles of the zero dynamics move to the right in the complex plane
(Ref. 16).

Case 3: The closed-loop system for a =—0.4 and U =20 m/s
is simulated. Selected responses are shown in Fig. 5. The response
time of the same order as in case 2 is observed, but because of
enhancedcontroleffectivenessat higherair speed U, smaller control
magnitude (about 18 deg) comparedto case 2 is required. The plunge
displacementand controlinput are somewhat similar to those of case
2, and, therefore, these plots are not shown here.

Case 4: Now simulationresults for plunge motion controlare pre-
sented. The parameters ¢; =d; =3000 and I' =3001/,5 x 3 are cho-
sen. The initial conditions are a(0) =5.75 (deg), 1(0) =0.01 (m),
and &(0) =/4(0) =0. The remaining control parameters and ini-
tial conditions of case 1 are retained. The aeroelastic model for
a =—0.85and U =15 m/s is considered for simulation. In this case
by =2.47andb, =—0.21.Itis seenthat/ tracks y,, and the pitch an-
gle tends to zero (Fig. 6). Because the zero dynamics are nonlinear,
we observe high-frequency oscillations in control . The response
time is of the order of 5-6 s. The maximum control magnitude is
about 18 deg. Similar to case 1, all of the parameter estimates con-
verge to constant values.
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Case 5: Simulation for the aeroelastic model witha = —0.88 and
U =15 is performed. Selected responses are shown in Fig. 7. The
state vector is regulated to zero, but compared to case 4 smoother
response for / is obtained and transientin a decaysrelatively faster
(in about4 s). The control magnitude (about 17 deg) is also slightly
smaller than case 4. For plunge control the degree of stability of the
zero dynamics improves as the parameter a— —1 (Ref. 16). For
this reason the transient responses of 4 and o are better than those
of case 4.

Case 6: To examinethe sensitivity of the controllerwith respectto
the air speed, a simulation is performed for the model with U =20,
but the remaining parameters of case 5 are retained. In this case
one has by =10 and b, = —0.8. It is seen that / follows y, and « is
regulated to zero (Fig. 8). In this case at higher air speed, similar
to case 3, smaller control magnitude (about 9.5 deg) compared to
case 5 is required. The response time is of the order of 6-7 s.

Extensive simulation has been performed. Based on these results,
by a suitablechoiceof parametersc;, d;, L, y, I desirableresponses
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in the closed-loop system can be obtained. For smaller values of
¢;, the control magnitude is reduced. Furthermore, the command
trajectory y, can be properly chosento shape the transientresponses.

Conclusions

In this paper, a new controller for the control of an aeroelastic
system based on a backstepping design technique was presented.
Adaptive control laws for the trajectory control of o and & were
derived. For the derivation of the controller, a canonical represen-
tation of the aeroelastic model was obtained. Filters were designed
to obtain the estimate of the state vector. In the closed-loop system
asymptotic regulation of the state vector to the origin was accom-
plished. Simulation results were presented, which show that control
of the pitch angle and the plunge displacementcan be accomplished
using output feedback in spite of the uncertainties in the system
parameters. The adaptive controller has several design parameters
thatcan be adjustedto obtain desirableresponsecharacteristics.Un-
like a variable structure controller, adaptive design does not require
high-gain feedback, and as such during the learning phase adaptive
system does not provide good tracking performance if the initial
parameter errors are large. However, the responses improve as the
parameter learning and adaptation progresses.

Appendix A: System Parameters

b, =0.135m, k, = 2844.4 N/m, ¢, =27.43Ns/m
¢, =0.036Ns, p =1.225kg/m’, Clq =6.28
cp =3.358, Cna = (0.5 + a)cyq, cup = —0.635

m =12.387kg, 1, =0.065 kgm?

Xq =[0.0873 — (b, + ab,)]/ b
System variables are given by

d =m(l, — mx2b?), ky = Lok, /d

ky, = (Iapb‘,.c,a + mxabﬁpcma) /d, ky = —mxy,b.k,/d

ky = (—mxobpci, — mpbie,a)/d
en = [La(cn + pUbyca) + mxapUblc,a]/d
¢y =[LpUblei(} —a) = mxab,co + mxapUblc,o(s —a)]/d
e = (=mxob,c;, — mx,pUblei, — mpUblc,,) [d
ey =[meq — mx,pUb e (L — a) = mpUb’c, (% —a)] /d

by =U? (mxabfpc,ﬁ + mpbfcmﬁ)/d

-m/d
&= mx.bs/d
Appendix B: Proof of Theorem 1

First it will be shown that all of the signals in the closed-
loop system are bounded. V, is a positive definite function of
21,22, 0, p, X, and V, is negative semidefinite. Thus, it follows that
(21, 22, 0, p, X) € L4, , where L,, denotes the set of bounded func-
tions. Because z; € £, , one has « € L, .

Now the differential equations associated with the zero dynamics
are derived. The output a has relative degree 2 because the con-

trol  appears in its second derivative. Thus the zero dynamics has
dimension 2. Define

byoo—bih
n= uil _ 2<.X 1. (A1)
™ bza—blh

Then, using Eq. (1), it follows that 7 satisfies

by =U*(=Lupb,cip = mxub}pcns) /d,

n=Am+ 0, D fy(a, &) (A2)

where
0 1 .
Aq = s Cni =b2Mi(1) _blMi(Z)s i=1,2
—dy —dn
_InT
ay = cy(0.b7"), fn = (b2, b)) gkya(@)

_In\T
fl] = (066,71 + aclﬂ)(ls b2b1 1) + frn;

The zero dynamics are obtained when oo =0 and & =0, i.e., f,, =0
in Eq. (A2). Thus, for the stability of the zero dynamics, A, must
be a Hurwitz matrix. Solving for n; from Eq. (A2), one obtains

~ | Cem + sc,ﬂ)(l,bzbl_l)T
m(s) = H(5)

}m) + H'(s) fn(@) (A3)

where in this Appendix s denotes the Laplace variable, functions
with overbar denote Laplace transforms, and H,, =s> + a,ps + ay.
Because (¢, + sc,,z)H,;‘ and HU‘1 are stable transfer functions
and « is bounded, from Eq. (A3) it follows that 7, is bounded.
But n, =b,a — b,h, therefore, one has that h € L,. Because
(o, h) € L, S and € are bounded. In view of the differential equa-
tions for v, and vy in Eq. (14), one has fori =0, 1

Vit = —=Lyvip +vis, Vip = —Lppvia + vy

Viz = —Lyvi + 815, Vig = —Lypviy + 5o (A4)
where &, =1ifi =k, and itis zero otherwise.In view of Eq. (A4), it
iseasily seenthat vy, vos, V12, V14 € Lo, and thisimplies that @and
oy are bounded. Because z, and ¢ are bounded, Eq. (20) implies
that v, is bounded. But in view of Eq. (A4), v|3 € L, implies that
Vi1 € Lo . This shows that v, € Lo and Qf; € Lo, and in view of
Eq.(16), a € L, . Because a, & € L, , using Eq. (A2) one concludes
thatn € L, . Using Eq. (A1), now one has that /1 € L., . Using bound-
edness of /1, one concludes from Eq. (34) that vo4 € L, . Because
‘}02 = —L12V02 + Vo4, Vo2 € l:m . ThUS, Vo € l:m . This establishes the
boundednessof all of the signals. Using the LaSalle- Yoshikawathe-
orem (Ref. 22, pp. 489-492), one has that (z;, z)— Oast— o0,
Therefore, a— 0 as t — oo . In view of Egs. (A3), n converges to
zero, which according to Eq. (A1) implies that & converges to zero.

For the case when y, =0, according to the LaSalle invariance
theorem (Ref. 22, p. 25) the state vector converges to the largest in-
variantset V; containedin the setV ={z; =0, z; =0, X =0}. Butin
Vi, 21 =& =0. Now convergence of (¢, 1) to zero implies conver-
genceof & to zero. Therefore, ¢ () convergesto zero. This completes
the proof of Theorem 1.
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