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Adaptive Output Feedback Control
of a Nonlinear Aeroelastic Structure

WenHong Xing ¤ and Sahjendra N. Singh†

University of Nevada, Las Vegas, Nevada 89154-4026

Based on a backstepping design technique, a new adaptive controller for the control of an aeroelastic system
using output feedback is derived. The chosen dynamic model describes the nonlinear plunge and pitch motion of a
wing. The parameters of the system are assumed to be completely unknown, and only the plunge displacement and
the pitch angle measurements are used for the synthesis of the controller. A canonical state variable representation
of the system is derived, and � lters are designed to obtain the estimates of the derivatives of the pitch angle
and the plunge displacement. Then adaptive control laws for the trajectory control of the pitch angle and the
plunge displacement are derived. In the closed-loop system the state vector asymptotically converges to the origin.
Simulation results are presented, which show that regulation of the state vector to the equilibrium state and
trajectory following are accomplished using a single control surface in spite of the uncertainty in the aerodynamic
and structural parameters.

Nomenclature
a = nondimensionalizeddistance from the midchord to

the elastic axis
bs = semichord of the wing
ch = structural damping coef� cient in plunge caused by

viscous damping
ci , L , L i , = design parameters
di , C
c a = structural damping coef� cient in pitch caused by

viscous damping
h = plunge displacement
I a = mass moment of inertia of the wing about the

elastic axis
kh = structural spring constant in plunge
k a = structural spring constant in pitch
m = mass
q , x = states of the aeroelastic system
U = freestream velocity
vi , si = components of X
x a = nondimensionalizeddistance measured from the

elastic axis to the center of mass
a = pitch angle
b = � ap de� ection
h , q ; ˆh , ˆq = parameters; estimate of parameters
n , X = � lter states
q = density of air

Introduction

A EROELASTIC systems exhibit a variety of phenomena in-
cluding instability, limit cycle, and even chaotic vibration.1 ¡ 3

Active control of aeroelastic instability is an important problem.
Several researchers have analyzed the stability properties of aeroe-
lastic systems and designed controllers for � utter suppression.4 ¡ 10

Mukhopadhyay et al.5 and Gangsass et al.6 developed methods
for obtaining lower-order models and designed controllers.Karpel7

used pole placement technique to design controllers for � utter sup-
pressionand gustalleviation.HorikawaandDowell9 performed� ut-
ter analysis using root-locusplots. Piezoelectric actuation has been
considered for � utter control in Refs. 10 and 11. In these studies
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linear control theory has been used for the design of controllers.
Digital adaptive control of a linear autoregressive moving average
aeroservoelastic model has been considered by Friedmann et al.12

At the NASA Langley Research Center a benchmark active control
technique wind-tunnel model has been designed, and control algo-
rithms for � utter suppression have been developed.13 Because the
linear design is often not adequate, researchershave developedcon-
trol systems for nonlinear aeroelastic models.14 ¡ 16 Although non-
linearities arising from control saturation, free play, hysteresis, and
stability derivativesare encountered in aeroelastic systems, nonlin-
ear structural stiffness can play a dominant role in causing the onset
of � utter.

Recently, an aeroelastic apparatus has been developed, and tests
havebeenperformedin a wind tunnelto examinetheeffectof nonlin-
ear structural stiffness.16 In a series of interestingpapers, Ko et al.17

and Ko and Strganac18 have designedcontrol systems for this aeroe-
lastic system usinga feedback linearizingtechniqueand an adaptive
control strategy. In a study by Block and Strganac,19 the unsteady
aerodynamics are modeled with an approximation to Theodorsen’s
theory,and linearcontrollaws arederivedfor theactivecontrolof the
aeroelasticmodel describedin Ref. 16. A variablestructureadaptive
control of a prototypical aeroelastic wing has been also considered
in Ref. 20. Because the aerodynamic and structural parameters are
not known precisely, the adaptive controllers designed in Refs. 18
and 20 are useful. However, the adaptive design in Ref. 18 requires
complete knowledgeof the state variablesand uses two control sur-
faces for state regulation. Although the variable structure adaptive
controller of Ref. 20 uses only output feedback, the assumption is
made that the bounds on uncertain parameters are known for the
control law derivation.Furthermore, this controlleruses a high-gain
feedback, which often leads to control saturation and can cause in-
stability. Thus it is important to develop control systems for the
active control of aeroelastic systems using output feedback in the
presence of parameter uncertainty.

The contribution of this paper lies in the design of a new adap-
tive control law for the control of a nonlinear aeroelastic system
using only output feedback. A single trailing-edge control surface
is used for the control of the pitch and plunge motion of the sys-
tem. For the synthesis of the controller, the assumption is made that
only pitch angle and plunge displacement are measured. A canon-
ical state variable representation of the system is derived for the
reconstruction of the state variables. Based on the new state vari-
able form of the aeroelastic system, � lters are designed, and an
estimate of states are constructed using a linear combination of the
states of the � lters. Then based on a backsteppingdesign technique
of Kanellakopouloset al.21 and Krstic et al.,22 adaptive control laws
for the control of the pitch angle and the plunge displacement are
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Fig. 1 Aeroelastic model.

derived. In the closed-loopsystem the state vector of the aeroelastic
system asymptotically converges to the origin. Simulation results
are presented to show the adaptive state regulationcapability of the
control systems.

Aeroelastic Model and Control Problem
The prototypicalaeroelasticwing section is shown in Fig. 1. The

governing equations of motion are provided in Ref. 17, which are
given by

m mx a bs

mx a bs I a

ḧ

¨a
+

ch 0

0 ca

Çh

Ça

+
kh 0

0 k a ( a )

h

a
=

¡ L

M
(1)

In Eq. (1) M and L are the aerodynamic lift and moment. The
assumption is made that the quasi-steady aerodynamic force and
moment are of the form

L = q U 2bscl a a + ( Çh / U ) + 1
2 ¡ a bs( Ça / U ) + q U 2bs cl b b

M = q U 2b2
s cm a

a + ( Çh / U ) + 1
2

¡ a bs( Ça / U ) + q U 2b2
s cm b

b

(2)

where cl a and cm a are the lift and moment coef� cients per angle
of attack and cl b and cm b

are lift and moment coef� cients per con-
trol surface de� ection. Although other forms of nonlinear spring
stiffness associated with the pitch motion can be considered, for
purposesof illutrationthe functionk a ( a ) is consideredas a polyno-
mial nonlinearity given by

k a ( a ) =2.82(1 ¡ 22.1a + 1315.5a 2 ¡ 8580a 3 + 17,289.7 a 4) (3)

De� ning the state vector q = ( a , h, Ça , Çh)T , one obtains a state
variable representationof Eq. (1) in the form

Çq =
02 £ 2 I2 £ 2

M1 M2
q +

02 £ 1

g
kn a ( a ) +

02 £ 1

b
b (4)

where a k a = a k a 0 + kn a , kn a = k a 1 a
2 + k a 2 a

3 + k a 3 a
4 + k a 4 a

5 , b =
(b1, b2)T , g = (g1 , g2)T , 0 and I denote null and identity matrices
of appropriate dimensions, and

M1 =
¡ k4U 2 + md ¡ 1k a 0 ¡ k3

¡ k2U 2 ¡ mx a bsd ¡ 1k a 0 ¡ k1

M2 =
¡ c41 ¡ c31

¡ c21 ¡ c11

The expression for the parameters ki , d , ci j , gi , and bi are given
in Appendix A. The assumption is made that only signals a and h
are measured.

Consider a reference trajectory yr that represents either a pre-
scribed pitch angle trajectory a r for pitch angle control or a plunge
displacement trajectory hr for the plunge motion control.Appropri-
ate reference trajectoriesare generatedby a second-ordercommand
generator. We are interested in deriving output feedback adaptive

control systems so that a tracks a r or h tracks hr asymptotically,
and in the closed-loop system the state vector (h, a , Çh, Ça )T con-
verges to zero as t ! 1 .

Canonical System and State Estimation
Because Ça and Çh are not measured, it is essential to obtain an

estimate of these variables so that control synthesis can be accom-
plished. To obtain a state estimator, a representation of the system
in a canonical form is obtained, which is useful in designing certain
� lters.Then a linear combinationof � lter statesprovidesan estimate
of the state vector.

Consider a state transformation x = T q , where

T =
I2 £ 2 02 £ 2

¡ M2 I2 £ 2
(5)

Then it is easily seen that a new state variable representation of
Eq. (1) is given by

Çx =
M2 I2 £ 2

M1 02 £ 2
x +

02 £ 1

g
kn a ( a ) +

02 £ 1

b
b (6)

where x = (x1, x2, x3, x4)T , x1 = a , and x2 =h. De� ne

M2

M1

a

h
+

0

g
kn a ( a ) +

0

b
b Ç= F T ( a , h, b )h (7)

where h =[bT , M2(1) , M2(2) , M1(1) , M1(2) , g1 p a , g2 p a ]T , the super-
script T denotes matrix transposition, Mi(k) denotes the kth row of
Mi , p a = (k a 1 , k a 2 , k a 3 , k a 4 ), and the 4 £ 18 matrix F T is

F T = b e3 , b e4, a e1 , he1, a e2 , he2, a e3 , he3, a e4 , he4, a 2e3,

a 3e3, a 4e3, a 5e3, a 2e4 , a 3e4 , a 4e4 , a 5e4 (8)

Here ek denotes a vector of appropriate dimension whose kth ele-
ment is one, and the remaining elements are zero.

Using the de� nition of matrix F , Eq. (6) can be written as

Çx = Ax + L[a , h]T + F T ( a , h, b )h (9)

where L = (LT
1 , LT

2 )T ,

L i =
L i1 0

0 L i2
, A =

¡ L1 I2 £ 2

¡ L2 02 £ 2

The matrices L1, L2 are chosen so that A is a stable matrix. Equa-
tion (9) is a canonical representation of system Eq. (1) in which
A is in a special from, the regressor matrix F is a function of the
measured variables and the input b , and all unknown parameters of
the system are included in the vector h . Based on Eq. (9), certain
� lters are designed.

In view of Eq. (9), following Ref. 22, � lters are given by

Çn = A n + L[a , h]T , ÇX T = A X T + F T ( a , h, b ) (10)

where n 2 R4 and X T 2 R4 £ 18 . De� ne a state estimate as

x̂ = n + X T h (11)

and let the state error be x̃ = (x ¡ x̂). Using Eqs. (9–11), the error
x̃ is governed by

Çx̃ = Ax̃ (12)

Because A is a Hurwitz matrix, x̃(t ) ! 0 as t ! 1 , and, therefore,
x̂(t ) asymptotically converges to x(t ). Of course, h is not known,
and Eq. (11) cannot be used to construct x̂(t ). However, Eq. (11) is
useful in the derivation of an adaptive control law.

For simplicity in synthesis and in view of the special form of the
matrix F , one can reduce the dimension of the X � lter. De� ne

X T = [v1 , v0, s1 , s2 , . . . , s16] Ç= [v1, v0 , S] (13)
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where each column of X T is a 4 £ 1 vector. Because of the special
structure of F T in Eq. (8), it follows from Eq. (10) that vi and si

satisfy

Çv1 = Av1 + e3 b , Çv0 = Av0 + e4 b

Çs1 = As1 + e1 a , Çs2 = As2 + e1h, Çs3 = As3 + e2 a

Çs4 = As4 + e2h, Çs5 = As5 + e3 a , Çs6 = As6 + e3h

Çs7 = As7 + e4 a , Çs8 = As8 + e4h, Çs9 = As9 + e3 a 2

Çs10 = As10 + e3 a
3, Çs11 = As11 + e3 a

4 , Çs12 = As12 + e3 a 5

Çs13 = As13 + e4 a 2, Çs14 = As14 + e4 a 3

Çs15 = As15 + e4 a 4, Çs16 = As16 + e4 a 5 (14)

Noting that e2 = Ae4 and e1 = Ae3 , in view of Eq. (14) one � nds
that

s1 = As5, s2 = As6 , s3 = As7, s4 = As8 (15)

That is, si (i =1, . . . , 4) can be simply obtained by using Eq. (15)
for synthesis. Thus for synthesis one needs � lters of dimension 60,
which is a large number. However, implementationof these � lters is
easy because they have simple transfer matrices. However, for the
purpose of analysis Eq. (14) will be used.

Adaptive Control Laws
First the derivationof the control law for the trajectorycontrol of

the pitch angle is considered.

Pitch Angle Control
Let yr = a r be a smooth trajectory, which is to be tracked by a .

In view of Eqs. (6) and (11), the derivative of the controlled output
variable a is given by

Ça = x3 + M2(1)[a , h]T = n 3 + X T
(3) h + x̃3 + M2(1)[ a , h]T (16)

where X T
(k) , n k , and x̃k denotekth rows of X T , n k , and x̃i , respectively.

Using the de� nitions of h and X T , Eq. (16) gives

Ça = b1v13 + n 3 + x̃3 + ¯x T h (17)

where ¯x T =[0, v03, S(3) + eT
3 a + eT

4 h], M2(1) = (h 3, h 4), and vik and
S(k) denote the kth rows of vi and S, respectively. Because we are
interested in the trajectory control of y = a , consider the tracking
error z1 de� ned as

z1 = y ¡ yr (18)

Now the controller design is performed in two steps following a
backstepping technique of Ref. 21.

Step 1
The derivativeof z1 is

Çz1 = b1v13 + n 3 + x̃3 + ¯x T h ¡ Çyr (19)

Because v13 is treated as a virtual control for controlling z1 , de� ne

z2 = v13 ¡ ˆq Çyr ¡ a 1 (20)

where ˆq is an estimate of q =b ¡ 1
1 and a 1 is the stabilizing function

yet to be chosen. Using Eq. (20) in Eq. (19) gives

Çz1 = x̃3 + n 3 + b1(z2 + a 1 + ˆq Çyr ) + ¯x T h ¡ Çyr (21)

The stabilizing function a 1 is chosen as

a 1 = ˆq ¯a 1 , ¯a 1 = ¡ c1z1 ¡ n 3 ¡ ¯x T ˆh ¡ d1z1 (22)

where ci , di > 0 and ˆh is an estimate of h . Noting that b1 ˆq =
b1( q ¡ ˜q ) = 1 ¡ b1 ˜q , it follows from Eqs. (21) and (22) that

Çz1 = b1z2 ¡ b1 ˜q ¯a 1 + ¯x T ˜h ¡ d1z1 + x̃3 ¡ b1 ˜q Çyr ¡ c1z1 (23)

Now consider a Lyapunov function of the form

V1 = d ¡ 1
1 x̃ T Px̃ + z2

1 + j b1 j c ¡ 1 ˜q 2 2 (24)

where c > 0 and the positive de� nite symmetric matrix P satis� es
the Lyapunov equation

P A + AT P = ¡ I4 £ 4 (25)

Because A is a stable matrix, P is the unique solution of Eq. (25).
The derivative of V1 is given by

ÇV1 = d ¡ 1
1

Çx̃ T Px̃ + x̃ T P Çx̃ + z1 Çz1 ¡ j b1 j c ¡ 1 ˜q Ç ˆq (26)

Substituting Eqs. (12), (23), and (25) into Eq. (26) gives

ÇV1 = b1z1z2 + ¯x T ˜h z1 ¡ c1z2
1 ¡ j x̃ j 2 /d1 ¡ b1 ˜q ¯a 1z1

¡ d1z2
1 + x̃3z1 ¡ ( Çˆq j b1 j / c ) ˜q ¡ b1 ˜q Çyr z1 (27)

where j ¢ j denotes the Euclidean norm of a vector. Using Young’s
inequality [22], one has

x̃3z1 · j x̃3 j j z1 j · d1z2
1 + x̃2

3 (4d1) · d1z2
1 + j x̃ j 2 (4d1) (28)

Using Eq. (28) in Eq. (27) gives

ÇV1 · b1z1z2 + ¯x T ˜h z1 ¡ c1z2
1 ¡ 3 j x̃ j 2 / 4d1

+ z1 ˜q [ ¡ b1 ¯a 1 ¡ b1 Çyr ] ¡ Ç̂q j b1 j ˜q / c (29)

Because ˜q is unknown, this can be eliminated from Eq. (29) by
choosing an update law of the form

Ç̂q = ¡ c sign(b1)[z1( ¯a 1 + Çyr )] (30)

Now substituting the update law in Eq. (29) gives

ÇV1 · ¡ c1z2
1 ¡ (3/ 4d1) j x̃ j 2 + ¯x T ˜h z1 + b1z1z2 (31)

The unknown h -dependent term in Eq. (31) will be compensated in
the second step.

Step 2
The derivative of z2 is given by

Çz2 = Çv13 ¡ Çˆq Çyr ¡ ˆq ÿr ¡ Ça 1 (32)

Because a 1 is a functionof ˆq , n 3 , S(3) , v03, yr , ˆh , x1, x2 , its derivative
is given by

Ça 1 =
@a 1

@v03
Çv03 +

@a 1

@ ˆq
Çˆq +

@a 1

@n 3

Çn 3 +
@a 1

@S(3)

ÇST
(3) +

@a 1

@yr
Çyr +

@a 1

@ ˆh
Ç̂h

+
@a 1

@x1
Çx1 +

@a 1

@x2
Çx2 Ç= a0 +

@a 1

@x1
Çx1 +

@a 1

@x2
Çx2 (33)

where a0 is obtained by comparing terms in Eq. (33). For the com-
putation of a0 , the derivatives of various signals are substituted in
Eq. (33), but Çˆh is yet to be determined. Using Eqs. (6) and (11),
the derivative of x2 is given by

Çx2 = M2(2)[a , h]T + x4 = M2(2)[a , h]T + x̃4 + n 4 + X T
(4) h (34)

Noting that M2(1) = [h 3 , h 4]and M2(2) = [h 5 , h 6], and addingandsub-
tractingappropriate ˆh -dependentterms, andusingEqs. (16) and (34)
in Eq. (33) gives

Ça 1 = a0 +
@a 1

@x1
n 3 + X T

(3) h + x̃3 + h 3 a + h 4h

+
@a 2

@x2
n 4 + X T

(4) h + x̃4 + h 5 a + h 6h

Ç=a1 + aT
2 x̃ a + aT

3
˜h (35)
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where

a1 = a0 +
@a 1

@x1
n 3 + X T

(3)
ˆh + ˆh 3 a + ˆh 4h

+
@a 1

@x2
n 4 + X T

(4)
ˆh + ˆh 5 a + ˆh 6h

aT
2 =

@a 1

@x1
,

@a 1

@x2
, x̃ a = [x̃3 , x̃4]T

aT
3 =

@a 1

@x1

X T
(3) + eT

3 a + eT
4 h +

@a 1

@x2

X T
(4) + eT

5 a + eT
6 h

Substituting Eq. (35) into Eq. (32) gives

Çz2 = ¡ L21v11 + b ¡ Çˆq Çyr ¡ ˆq ÿr ¡ a1 ¡ aT
2 x̃ a ¡ aT

3
˜h

Ç=a w ¡ aT
2 x̃ a ¡ aT

3
˜h + b (36)

where a w = ¡ L21v11 ¡ Ç̂q Çyr ¡ ˆq ÿr ¡ a1 . In view of Eq. (36), we
choose control b as

b = ¡ a w ¡ c2z2 ¡ d2 j a2 j 2z2 ¡ b̂1z1 (37)

Consider a Lyapunov function

V2 = V1 + d ¡ 1
2 x̃ T Px̃ + z2

2 + ˜h T C ¡ 1 ˜h 2 (38)

where C is a positivede� nite symmetric matrix. In view of Eq. (25),
the derivative of V2 is given by

ÇV2 = ÇV1 ¡ j x̃ j 2 d2 + z2 Çz2 ¡ ˜h T C ¡ 1 Çˆh (39)

Using Eq. (36) in Eq. (39) and noting that b1 = h 1 gives

ÇV2 · ¡ c1z2
1 ¡ 3 j x̃ j 2 4d1 + ¯x T ˜h z1 + ( ˆh 1 + ˜h 1)z1z2 ¡ c2z2

2

¡ d2z2
2 j a2 j 2 ¡ ˆh 1z1z2 ¡ z2a

T
2 x̃ a ¡ aT

3
˜h z2 ¡ ˜h T C ¡ 1 Ç̂h ¡ j x̃ j 2 d2

(40)

De� ne

s = ( ¯x z1 + e1z1z2 ¡ a3z2) (41)

Using Young’s inequality, one has

z2aT
2 x̃ a · j z2 j j a2 j j x̃ a j · d2z2

2 a2
2 + x̃2

a 4d2 (42)

SubstitutingEqs. (41) and (42) into Eq. (40) and noting that j x̃ a j 2 ·
j x̃2 j , one has

ÇV2 · ¡ c1z2
1 ¡ c2z2

2 ¡ 3
4

d ¡ 1
1 + d ¡ 1

2 j x̃ j 2 + ˜h T ( s ¡ C ¡ 1 Ç̂
h ) (43)

Now one chooses the adaptation law for ˆh as

Ç̂
h = C s (44)

which yields

ÇV2 · ¡ c1z1
2 ¡ c2z2

2 ¡ 3
4

d ¡ 1
1 + d ¡ 1

2 j x̃ j 2 (45)

Theorem 1: Consider the closed-loopsystem Eqs. (4), (30), (37),
and (44). Suppose that yr is a bounded and smooth trajectory con-
verging to zero, and the zero dynamics of the system are stable.
Then the solution of Eq. (1) beginning from any initial condition
q(0) 2 R4 is such that the tracking error ( a ¡ a r ) and h tend to be
zero as t ! 1 . Furthermore, if yr =0, then the state vector q(t )
tends to the origin as t ! 1 .

Proof: A proof is given in Appendix B.
Zero dynamicsdescribethe internaldynamicsof the system when

the output y = a is identically zero. For the control of a , Theorem 1
assumes that the zerodynamicsare stable.The stabilitypropertiesof
zero dynamics have been extensivelyexamined in Refs. 17, 18, and
20.Stabilityof thezerodynamicsis essentialevenin thenonadaptive
output trajectory control systems.

Fig. 2 Closed-loop system.

Adaptive Control of Plunge Motion
In the preceding section an adaptivecontrol law for the trajectory

control of a has been presented.Following a similar approach, one
can derive a control law for the trajectory control of the plunge
displacement. De� ne the tracking error

z1 = h ¡ hr (46)

Using Eq. (34), the differential equation for h is given by

Çh = b2v04 + n 4 + v14 , 0, S(4) h + x̃4 + M(2)[ a , h]T (47)

For controllingh, one treats v04 as the virtual control because in the
derivative of v04 control input b appears. In this case q =b ¡ 1

2 and

z2 = v04 ¡ ˆq Çhr ¡ a 1

Following the steps of the preceding section, one obtains a virtual
control a 1 and the adaptation law for ˆq , which is an estimate of
q =b ¡ 1

2 in the � rst step of derivation, and the control law b and
the update law for ˆh is obtained in the second step. Because the
control law for h control can be similarly derived, the details are
not presented here. The complete closed-loop system is shown in
Fig. 2.

Similar to a control, for the stability in the closed-loop system
the assumption is made that the parameters of the aeroelastic sys-
tem are such that the zero dynamics are stable. Unlike a control,
the zero dynamics associated with the output h are nonlinear and
exhibit complex dynamic behavior. In this case one has only local
stability in the closed-loop system. Because a proof of stability can
be established following the steps in the proof of Theorem 1, it is
not presented here.

Simulation Results
In this section numerical results for the pitch angle control and

plunge motion control are presented.The parameters of the system
are given in Appendix A. Simulation is performed for differentval-
ues of a and U . The transfer function of the command generator is
chosen as

Wm = [k 2 / (s + k )2]

to obtain exponentially decaying command trajectories to zero
where k > 0. For the pitch angle control the initial conditions se-
lected are a (0) = 5.75 (deg), h(0) =0.01 (m), Çh(0) =0, and Ça (0) =
2 (deg/s). The initial conditions of the command generator are set
as yr (0) =5.75 (deg) and Çyr (0) =0.

The initial conditions for the parameters are b̂1(0) = ¡ 0.1 and
b̂2(0) = ¡ 0.03, and the remaining components of ˆh and ˆq have
zero initial values. The initial states of the � lters are set as
X (0) =0 and n (0) = 0. The design parameters are selected as
k =1, c1 = c2 = d3 = d4 =100, c =1, C = I18 £ 18 , L11 = L12 = 20,
L21 = L22 =100. These design parameters are chosen after several
trials by observingsimulatedresponses.The origin of the open-loop
model (1) is unstable and undergoespersistentperiodic oscillations
(Readers may refer to Refs. 17–19 in which uncontrolledresponses
are provided).

Case 1: The closed-loop system Eq. (1) with the control law
Eq. (37) and the update law Eqs. (30) and (44) for a = ¡ 0.3 and
U =15 m/s is simulated. For the chosen value of a and U , one
has b1 = ¡ 0.282 and b2 = ¡ 0.047. Selected responses are shown
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a) Pitch angle ® and yr c) Control input ¯

b) Plunge displacement h d) Parameter µ̂1

Fig. 3 Pitch angle control a = ¡ 0:3 and U = 15 m/s.

a) Pitch angle ® and yr b) Plunge displacement h c) Control input ¯

Fig. 4 Pitch angle control a =¡ 0:4 and U = 15 m/s.

in Fig. 3. We observe that after an initial transient the pitch angle
asymptotically tracks the command trajectory. The response time
is of the order of 7–8 s. Only a small control magnitude (less than
10deg)is requiredfor control.Becausefora = ¡ 0.3 andU = 15 m/s
thezerodynamicsare stable, theplungedisplacementalsoconverges
to zero as predicted. Here only parameter b̂1 is shown in Fig. 3d,
but it is found that all other componentsof ˆh and ˆq also converge to
constant values.

Case 2: To examine the sensitivity of the controller with re-
spect to parameter a, the closed-loop system for a different value
of a = ¡ 0.4, but with the same value of U =15 m/s, is simulated.
We observe that although the pitch angle asymptotically tracks the
command trajectory larger control magnitude (less than 30 deg) is
required (Fig. 4). Moreover, larger plunge displacement is observed
in this case. The response time is of the order of 6–7 s. In this
case increase in control magnitude can be attributed to reduced de-
gree of stability of the zero dynamics because as a ! ¡ 0.55 the
poles of the zero dynamics move to the right in the complex plane
(Ref. 16).

Case 3: The closed-loop system for a = ¡ 0.4 and U =20 m/s
is simulated. Selected responses are shown in Fig. 5. The response
time of the same order as in case 2 is observed, but because of
enhancedcontroleffectivenessat higherair speedU , smaller control
magnitude(about18 deg)comparedto case 2 is required.The plunge
displacementandcontrolinput are somewhat similar to thoseof case
2, and, therefore, these plots are not shown here.

Case 4: Now simulationresults for plungemotion controlare pre-
sented. The parameters ci =di = 3000 and C =300I18 £ 18 are cho-
sen. The initial conditions are a (0) =5.75 (deg), h(0) =0.01 (m),
and Ça (0) = Çh(0) = 0. The remaining control parameters and ini-
tial conditions of case 1 are retained. The aeroelastic model for
a = ¡ 0.85 and U = 15 m/s is considered for simulation. In this case
b1 =2.47andb2 = ¡ 0.21. It is seen that h tracks yr , and the pitch an-
gle tends to zero (Fig. 6). Because the zero dynamics are nonlinear,
we observe high-frequencyoscillations in control b . The response
time is of the order of 5–6 s. The maximum control magnitude is
about 18 deg. Similar to case 1, all of the parameter estimates con-
verge to constant values.
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Case 5: Simulation for the aeroelasticmodel with a = ¡ 0.88 and
U = 15 is performed. Selected responses are shown in Fig. 7. The
state vector is regulated to zero, but compared to case 4 smoother
response for h is obtained and transient in a decays relatively faster
(in about 4 s). The control magnitude (about 17 deg) is also slightly
smaller than case 4. For plunge control the degree of stability of the
zero dynamics improves as the parameter a ! ¡ 1 (Ref. 16). For
this reason the transient responses of h and a are better than those
of case 4.

Case6: To examinethe sensitivityof the controllerwith respectto
the air speed, a simulation is performed for the model with U = 20,
but the remaining parameters of case 5 are retained. In this case
one has b1 =10 and b2 = ¡ 0.8. It is seen that h follows yr and a is
regulated to zero (Fig. 8). In this case at higher air speed, similar
to case 3, smaller control magnitude (about 9.5 deg) compared to
case 5 is required. The response time is of the order of 6–7 s.

Extensive simulationhas beenperformed.Based on these results,
by a suitablechoiceof parametersci , di , L , c , C desirableresponses

Fig. 5 Pitch angle control
a = ¡ 0:4 and U = 20 m/s;
pitch angle ® and yr.

a) Plunge displacement h and yr b) Pitch angle ® c) Control input ¯

Fig. 6 Plunge motion control a = ¡ 0:85 and U = 15 m/s.

a) Plunge displacement h and yr b) Pitch angle ®

Fig. 7 Plunge motion control a = ¡ 0:88 and U =15 m/s.

a) Plunge displacement h and yr

b) Control input ¯

Fig. 8 Plunge motion control a = ¡ 0:88 and U = 20 m/s.
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in the closed-loop system can be obtained. For smaller values of
ci , the control magnitude is reduced. Furthermore, the command
trajectory yr can be properlychosento shape the transientresponses.

Conclusions
In this paper, a new controller for the control of an aeroelastic

system based on a backstepping design technique was presented.
Adaptive control laws for the trajectory control of a and h were
derived. For the derivation of the controller, a canonical represen-
tation of the aeroelastic model was obtained. Filters were designed
to obtain the estimate of the state vector. In the closed-loop system
asymptotic regulation of the state vector to the origin was accom-
plished.Simulation results were presented,which show that control
of the pitch angle and the plunge displacementcan be accomplished
using output feedback in spite of the uncertainties in the system
parameters. The adaptive controller has several design parameters
that can be adjustedto obtaindesirableresponsecharacteristics.Un-
like a variable structure controller, adaptive design does not require
high-gain feedback, and as such during the learning phase adaptive
system does not provide good tracking performance if the initial
parameter errors are large. However, the responses improve as the
parameter learning and adaptation progresses.

Appendix A: System Parameters

bs = 0.135 m, kh = 2844.4 N/m, ch = 27.43Ns/m

c a = 0.036 Ns, q = 1.225 kg/m3 , cl a = 6.28

cl b = 3.358, cm a = (0.5 + a)cl a , cm b = ¡ 0.635

m =12.387 kg, Ia =0.065 kgm2

x a = [0.0873 ¡ (bs + abs)]/ bs

System variables are given by

d = m I a ¡ mx2
a b2

s , k1 = I a kh /d

k2 = I a q bscl a + mx a b3
s q cm a d, k3 = ¡ mx a bskh / d

k4 = ¡ mx a b2
s q cl a ¡ m q b2

s cm a d

c11 = I a ch + q U bs cl a + mx a q Ub3
s cm a d

c21 = I a q Ub2
s cl a

1
2 ¡ a ¡ mx a bsca + mx a q U b4

s cm a
1
2 ¡ a d

c31 = ¡ mx a bsch ¡ mx a q Ub2
s cl a ¡ mq U b2

s cm a d

c41 = mc a ¡ mx a q Ub3
s cl a

1
2

¡ a ¡ m q Ub3
s cm a

1
2

¡ a d

b1 =U 2 mx a b2
s q cl b + m q b2

s cm b d

b2 =U 2 ¡ I a q bscl b ¡ mx a b3
s q cm b d, g =

¡ m /d

mxabs / d

Appendix B: Proof of Theorem 1
First it will be shown that all of the signals in the closed-

loop system are bounded. V2 is a positive de� nite function of
z1 , z2, ˜h , ˜q , x̃ , and ÇV2 is negative semide� nite. Thus, it follows that
(z1, z2, ˜h , ˜q , x̃) 2 1 , where 1 denotes the set of bounded func-
tions. Because z1 2 1 , one has a 2 1 .

Now the differentialequationsassociatedwith the zero dynamics
are derived. The output a has relative degree 2 because the con-
trol b appears in its second derivative. Thus the zero dynamics has
dimension 2. De� ne

g =
g 1

g 2
=

b2 a ¡ b1h

b2 Ça ¡ b1
Çh

(A1)

Then, using Eq. (1), it follows that g satis� es

Çg = Ag g + (0, 1)T f g ( a , Ça ) (A2)

where

A g =
0 1

¡ ag 1 ¡ ag 2
, cg i =b2 Mi (1) ¡ b1 Mi (2) , i =1, 2

ag i = cg i 0, b ¡ 1
1

T
, fn g = (b2, b1)gkn a ( a )

f g = ( a cg 1 + Ça cg 2) 1, b2b
¡ 1
1

T
+ fn g

The zero dynamics are obtained when a =0 and Ça = 0, i.e., f g = 0
in Eq. (A2). Thus, for the stability of the zero dynamics, Ag must
be a Hurwitz matrix. Solving for g 1 from Eq. (A2), one obtains

¯g 1(s) =
(cg 1 + scg 2) 1, b2b ¡ 1

1

T

Hg (s)
¯a (s) + H ¡ 1

g (s) f̄n g ( a ) (A3)

where in this Appendix s denotes the Laplace variable, functions
with overbar denote Laplace transforms, and Hg = s2 + ag 2s + ag 1.
Because (cg 1 + scg 2)H ¡ 1

g and H ¡ 1
g are stable transfer functions

and a is bounded, from Eq. (A3) it follows that g 1 is bounded.
But g 1 =b2 a ¡ b1h, therefore, one has that h 2 1 . Because
( a , h) 2 1 , S and n are bounded. In view of the differential equa-
tions for v1 and v0 in Eq. (14), one has for i = 0, 1

Çvi1 = ¡ L11vi1 + vi3 , Çvi2 = ¡ L12vi2 + vi4

Çvi3 = ¡ L21vi1 + d i1 b , Çvi4 = ¡ L22vi2 + d i0 b (A4)

where d ik = 1 if i = k, and it is zero otherwise. In view of Eq. (A4), it
is easily seen that v01 , v03 , v12, v14 2 1 , and this implies that ¯x and
a 1 are bounded. Because z2 and a 1 are bounded, Eq. (20) implies
that v13 is bounded. But in view of Eq. (A4), v13 2 1 implies that
v11 2 1 . This shows that v1 2 1 and X T

(3) 2 1 , and in view of
Eq. (16), Ça 2 1 . Because a , Ça 2 1 , usingEq. (A2) one concludes
that g 2 1 . Using Eq. (A1), now onehas that Çh 2 1 . Using bound-
edness of Çh, one concludes from Eq. (34) that v04 2 1 . Because
Çv02 = ¡ L12v02 + v04 , v02 2 1 . Thus, v0 2 1 . This establishes the
boundednessof all of the signals.Using the LaSalle–Yoshikawathe-
orem (Ref. 22, pp. 489–492), one has that (z1, z2) ! 0 as t ! 1 .
Therefore, a ! 0 as t ! 1 . In view of Eqs. (A3), g converges to
zero, which according to Eq. (A1) implies that h converges to zero.

For the case when yr =0, according to the LaSalle invariance
theorem (Ref. 22, p. 25) the state vector converges to the largest in-
variant set i contained in the set ={z1 = 0, z2 = 0, x̃ = 0}. But in

i , Çz1 = Ça = 0. Now convergenceof ( Ça , g 2) to zero implies conver-
genceof Çh to zero.Therefore,q(t) convergesto zero.This completes
the proof of Theorem 1.

References
1Fung, Y. C., An Introduction to the Theory of Aeroelasticity, Wiley, New

York, 1955, pp. 207–215.
2Dowell, E. H., (ed.), A Modern Course in Aeroelasticity, Kluwer Aca-

demic, Norwell, MA, 1995, Chap. 1.
3Zhao, L. C., and Yang, Z. C., “Chaotic Motions of an Airfoil with Non-

linear Stiffness in Incompressible Flow,” Journal of Sound and Vibration,
Vol. 128, No. 2, 1990, pp. 245–254.

4Lyons, M. G., Vepa, R., McIntosh, I. E., and DeBra, D. B., “Control Law
Synthesis and Sensor Design for Active Flutter Suppression,” Proceedings
of the AIAA Guidance and ControlConference, AIAA Paper 73-832,AIAA,
New York, Aug. 1973.

5Mukhopadhyay, V., Newsom, J. R., and Abel, I., “Reduced-Order Op-
timal Feedback Control Law Synthesis for Flutter Suppression,” Journal of
Guidance, Control, and Dynamics, Vol. 5, No. 4, 1982, pp. 389–395.

6Gangsaas, D., Ly, U., and Norman, D. C., “Practical Gust Load Allevi-
ation and Flutter Suppression Control Laws Based on LQG Methodology,”
AIAA Paper 81-0021, Jan. 1981.

7Karpel, M., “Design for Active Flutter Suppression and Gust Alleviation
Using State-Space Aeroelastic Modeling,” Journal of Aircraft, Vol. 19, No.
3, 1982, pp. 221–227.

8Edwards, J. W., Ashley, H., and Breakwell, J., “Unsteady Aerodynamic
Modeling for Arbitrary Motions,” AIAA Journal, Vol. 17, No. 4, 1979, pp.
365–374.

9Horikawa, H., and Dowell, E. H., “An Elementary Explanation of the
FlutterMechanism with Active Feedback Controls,” Journalof Aircraft, Vol.
16, No. 4, 1979, pp. 225–232.



1116 XING AND SINGH

10Heeg, J., “Analytical and Experimental Investigation of Flutter Sup-
pression by Piezoelectric Actuation,” NASA TP 3241, Sept. 1993.

11Lazarus, K., Crawey, E., and Lin, C., “Fundamental Mechanisms of
Aeroelastic Control with Control Surface and Strain Actuation,” Journal of
Guidance, Control, and Dynamics, Vol. 18, No. 1, 1995, pp. 10–17.

12Friedmann, P. P., Guillot, D., and Presente, E., “Adaptive Control of
Aeroelastic Instabilities in TransonicFlowand Its Scaling,”Journalof Guid-
ance, Control, and Dynamics, Vol. 20, No. 6, 1997, pp. 1190–1199.

13Waszak, M. R., “Robust Multivariable Flutter Suppression for the
Benchmark Active Control Technology (BACT) Wind-TunnelModel,” 11th
Symposiumon StructureDynamics andControl, Blacksburg,VA, May 1997.

14Tang, D. M., and Dowell, E. H., “Flutter and Stall Response of a Heli-
copter Blade with Structural Nonlinearity,” Journal of Aircraft, Vol. 29, No.
5, 1990, pp. 953–960.

15Lee, B. H. K., and LeBlanc, P., “Flutter Analysis of a Two-Dimensional
Airfoil withCubicNonlinearRestoringForce,” NationalAeronauticalEstab-
lishment, Aeronautical Note 36, Canada National Research Council 25438,
Ottawa, PQ, Canada, Feb. 1986.

16O’Neil, T., Gilliatt, H. C., and Strganac, T. W., “Investigationsof Aeroe-

lastic Response for a System with Continuous Structural Nonlinearities,”
AIAA Paper 96-1390, April 1996.

17Ko, J., Kurdila, A. J., and Strganac, T. W., “Nonlinear Control of a Pro-
totypical Wing Section with Torsional Nonlinearity,” Journal of Guidance,
Control, and Dynamics, Vol. 20, No. 6, 1997, pp. 1181–1189.

18Ko, J., and Strganac, T. W., “Stabilityand Control of a StructurallyNon-
linear Aeroelastic System,” Journal of Guidance, Control, and Dynamics,
Vol. 21, No. 5, 1998, pp. 718–725.

19Block, J., and Strganac, T. M., “Applied Active Control for a Nonlinear
Aeroelastic Structure,” Journal of Guidance, Control, and Dynamics, Vol.
21, No. 6, 1998, pp. 838–845.

20Zeng, Y., and Singh, S. N., “Output Feedback Variable Structure Adap-
tive Control of an Aeroelastic System,” Journal of Guidance, Control, and
Dynamics, Vol. 21, No. 6, 1998, pp. 830–837.

21Kanellakopoulos,I., andKokotovic,P. V., andMorse,A. S., “Systematic
Design of Adaptive Controller for Feedback Linearizable Systems,” IEEE
Transaction on Automatic Control, Vol. 36, No. 11, 1991, pp. 1241–1253.

22Krstic, M., Kanellakopoulos, I., and Kokotovic, P. V., Nonlinear Adap-
tive Control Design, Wiley, New York, 1995, pp. 24, 25, 327–346.


